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The p rob lem is  ana lyzed of de termining  the ex t r ema l  t e m p e r a t u r e  f ields in t h r e e - l a y e r  
cyl indr ic  shells  ensur ing  a re la t ive ly  low level  of  t e m p e r a t u r e  s t r e s s .  It is shown that  
the opt imal  t e m p e r a t u r e  f ields,  as well  as  the a r i s ing  t e m p e r a t u r e  s t r e s s e s ,  depend 
s t rongly  on mechanica l  c h a r a c t e r i s t i c s  of a shell .  Solutions for  this  c lass  of p rob lems  
fo r  s ing le - l aye r  i so t ropic  shel ls  cons idered  before  within the f r a m e w o r k  of the c l a s s i ca l  
K i r c h h o f f - L o v e  theory  a re  given in [1, 2]. 

1 .  I n i t i a l  E q u a t i o n s  

Let  an infinite t h r e e - l a y e r  cyl indric  shel l  be subjected to an axial ly  s y m m e t r i c  constant,  re la t ive  to 
the th ickness ,  t e m p e r a t u r e  field T(x) (x is a pa ra l l e l  to the gene ra t r ix  coordinate;  R, h a re  shell  radius  and 
thickness;  t, c is the th ickness  of c a r r i e r  l aye r s  and of the f i l ler ,  r espec t ive ly) .  In this ease  if one r ega rds  
the dis tr ibut ion of the tangential  d i sp lacements  of the c a r r i e r  l a y e r s  as constant  the s ta r t ing  equations of 
the axial ly  s y m m e t r i c  t he rmoe la s t i c  p rob lem fo r  t h r e e - l a y e r s  shel ls  with a light e las t ic  f i l l e r  suscept ible  
only to t r a n s v e r s a l  shift can be wri t ten as [3] 

~-'~ 2~ (~ d ~  (1.1) 
dx ~ cB ~ - -  d -~ ' ]  = O; 

C'a"~d%-r -+ B(t--.~)R (--~ + coT) = O, 

where  B = E t / ( 1 - p  2) ; C '  = Et(c +t )2/2(1-g  2); E, p is Young's modulus and Po i s son ' s  coefficient of the c a r r i e r  
l ayers ;  G 3 is  the r igidi ty modulus of the f i l ler ;  r is the coefficient  of t e m p e r a t u r e  expansion; c~ = ( u l - u 2 ) /  
(c +t); ul, u 2 a re  d i sp lacements  of the points of the m i d - s u r f a c e  between the upper  and the lower l aye r s .  

By el iminat ing the deflection w f r o m  Eqs.  (1.1) one a r r i v e s  at an equation for  the rotat ion angle, 

d4~ ~ ~ d~cz (1.2) d~--Y - -  ~• ~ + 4r = - -  4acoR d T  
d~ '  

where  

~ = a x ;  4 a 4 = B ( t -  1x~)/C't12; •  

If  the function a is known the deflection can be obtained f r o m  the following express ion:  

dw a d~  dT = ~ ~a-~ ,  

and the overa l l  annular  force  and the bending moment  of a t h r e e - l a y e r  shell  is given by 

) N = - -  2 B  ( l  - -  Ix ~) + o)T ; M = - -  C 'a  -~-~. 
(1.3) 
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2 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

The e las t i c  e n e r g y  of a t h r e e - l a y e r  shel l  is c o n s i d e r e d  [3]: 

I ~!~c t/2 c+t --12c / 
II~.-~'-,.i ~d f t-'l!2ff xz'xzdz-]- it!c, [ax(ex.~oT)+%(e~--(oT)]dz + -~12~-t'f [(~x(ex--(~176 

w h e r e  ~2 is the coord ina te  r eg ion  c o r r e s p o n d i n g  to the m i d - s u r f a c e .  

In t eg ra t ing  in (2.1) and us ing the d i s t r ibu t ion  of d i s p l a c e m e n t s  and s t r e s s e s  a long the l a y e r  t h i ck -  
ne s s ,  one obtains  [3] 

= ~ )  + ~  [~)  + ~ ( ~ - ~ )  - ~ + ~ r  ~t. 

By e l imina t ing  the funct ions  w and T with the aid of Eqs .  (1.1) one can wr i t e  the equat ion of the e las t ic  
t h r e e - l a y e r  shel l  in the  fol lowing f inal  fo rm:  

c o  

= ~ c ' ~  [ VA_ ( ~  ? fd2~,~, (~?1 d~. 
! . [ ~  t ~ /  + a ~ t ~ o / ~ + t d ~ / J  

(2.2) 

One should ment ion  he re  that  the e las t ic  e n e r g y  of a shel l  is r e p r e s e n t e d  by a pos i t ive -def in i t e  quad-  
r a t i c  f o r m  of its a r g u m e n t s  which vanish  if and only  if al l  the t e m p e r a t u r e  s t r e s s e s  a l so  vanish .  It s eems  
a p p r o p r i a t e  to adopt the s t a t iona r i ty  condi t ion fo r  the e las t i c  ene rgy  (2.2) of a shel l  as  a c r i t e r i o n  fo r  f ind-  
ing op t ima l  t e m p e r a t u r e  f ie lds  ensu r ing  a c o m p a r a t i v e l y  low level  of  t e m p e r a t u r e  s t r e s s e s .  

The e las t i c  e n e r g y  (2.2) can be  r e g a r d e d  as a funct ional  def ined on the se t  of funct ions  (~. The p r o b -  
lem now a r i s e s  of  f inding the funct ions  a(x) f o r  which the funct ional  (2.2) a t ta ins  i ts  e x t r e m u m  and which 
sa t i s fy  Eq. (1.2), as  wel l  as  the damping  r e l a t i ons  at infinity,  and a lso  s o m e  addi t ional  cons t r a in t s  on the 
funct ion of  def lec t ions  w, the ro ta t ion  ang les  a ,  and the  f o r c e s  and m o m e n t s .  T h e s e  condi t ions  can  be r e -  
duced to the fol lowing condi t ions  fo r  the funct ions at f ixed sec t ions  of the shell ,  ~ =~ j (j =1, 2 . . . . .  n): 

a d ~ . ~  czij; a a~j - -  • 2 d2cz~(~ j) ] d~ = wii, (i=O, i, 2). (2.3) 

The f o r m u l a t e d  va r i a t iona l  p rob l e m  is equivalent  to  the fol lowing i s o p e r i m e t r i c  p rob lem:  to f ind an ex -  
t r e m u m  of the funct ional  !!(a)  on the set  of funct ions  v~(x) on which the f u n c t i o n a l s  

Hii (a) = ( - -  t) ~ a j" 5 (~) (~ --  ~) a (~) d~; 

a ~ r~ 2 d~z ] 

a s s u m e  the given values 

In the above 6 ( i ) ( ~ ) - i  is the i - th  de r iva t ive  of  the del ta  function;  S+(~ ) is the d i scont inu i ty  jump.  

The above p rob l e m  can be r e duc e d  to  the  f inding of the absolu te  e x t r e m u m  of a funct ional  [1, 4]: 

= ~ c ' ~  t ~' [ f ~  ? + .  ~ m~ ~ f ~ ?  

~ 2 a  ~ 

w h e r e  a '  = aR; Xij, XI a r e  a r b i t r a r y  cons tan t s  to be de t e rmined .  

By wr i t ing  down the Eule r  equat ion 

d~ 6 a• - ~  -j- 4 d~--- ~ = - -  a'  3~=1 (~ - -  ~j) + [~j S+ (~j - -  ~) - -  • ' (~--  ~J)l , (2.5) 

f o r  the funct ional  (2.4) one obtains  a comple te  s y s t e m  o f  equat ions  cons i s t ing  of (2.5) t o g e t h e r  with Eq. (1.2) 
and the  condi t ions  (2.3) f o r  f inding the  funct ions  a(} ), T(} ); consequent ly ,  one a l so  finds the  annu la r  f o r c e s ,  
bending  momen t ,  as  wel l  a s  the  L a g r a n g e  mu l t i p l i e r s  which a re  of  i n t e r e s t  to  us .  
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3 .  S o l v i n g  t h e  E x t r e m a l  P r o b l e m  

By v i r t u e  of  (1.2) one o b t a i n s  f r o m  (2.6) the  fo l lowing  equa t ion  f o r  t h e  e x t r e m a l  t e m p e r a t u r e  f ie ld :  

daT t n ( 2  ] (3.1) - + 
i 

( i - - ~ A l  �9 

The  s o l u t i o n s  of  Eqs .  (1.2) and  (3.1) which  v a n i s h  at  in f in i ty  a r e  found by  a p p l y i n g  the  F o u r i e r  t r a n s f o r m a -  
t ion .  Then  fo r  t he  t e m P e r a t u r e  one f inds  the  e x p r e s s i o n  

r (~) s ~  - -  xa~ ( ~ - -  ~ )  + Xo~ 2 

Depending  o n t h e  r o o t s  of  the  c h a r a c t e r i s t i c  equat ion ,  

k ~ + 4 •  ~ k ~ + 4 = 0  

the  so lu t ion  f o r  the  func t ions  ~(~ ) m a y  a s s u m e  d i v e r s e  f o r m s .  In the  c a s e  of  a l l  c o m p l e x  r o o t s  

the  so lu t ion  i s  as  fo l lows :  

k~.2.~,a = + V ~ -  2• ~ • V(2• ~ - -  4 = • (r +_ is)  

(r  = V ~  - ~a~; , = V ~ )  

8 j~=l T (:~ - -  ~ j ) ' - 2xa2 )  + x~ (~ - -  ~i) + 

e--Slr I ;~j 
+ ~ . l J  sgn(~ ~ j ) +  - -  - -  rs [ ~ -  (2• rs cos r (g - -  ~j) + 

~0J + (t - -  2• 4) sin r I~ - -  ~l) + --y- ((1 + 2• ~) r cos r (~ - -  ~j) - -  

- -  (1 - -  2• 2) s sin r I~ ~ ~J!) - -  ~.1i (rs  cos r (~ - -  [j) § 

+ •  I ~ - - ~ ] ) s g n ( ~ - - ~ i )  + ~-~ ( r c o s r ( ~ - - ~ )  + s s i n r l g  - - ~ l ) ] ) .  

If the  func t ions  T(~ ) and  c~(~ ) a r e  known one can  ob ta in  the  f o r c e s  and m o m e n t s  in the  s h e l l  by e m -  
p loy ing  (1.3).  Then the  cond i t i ons  at  in f in i ty  and the  con t inu i ty  cond i t ions  d e t e r m i n e  the  c o n s t r a i n t s  i m -  
p o s e d  on the  L a g r a n g e  c o e f f i c i e n t s :  

j = l  

j = l  

7~ 
~v ( ~ j ~  - Xo~) = o; ,.'~" ),~- = o. 
j = l  j= i  

[~ (~ 6 ~ ; ~  - 3~.oj-. - 6 ~ . ~  - 6 ~ ]  = o; 

[~,j ( ~  - -  2za2) . -  2),0~j + 2~,lj] = 0; 

2 5 0  



4 .  L o c a l  H e a t i n g  o f  T h r e e - L a y e r  C y l i n d r i c  S h e l l  

As an example  local  heat ing is cons idered  of a t h r e e - l a y e r  cyl indric  shell  with a light e las t ic  f i l te r .  
Let  the t e m p e r a t u r e  of the heating r each  its max ima l  value T o at the sect ion ~ = 0 and let it vanish at the 
sec t ions  ~ =4 0. Then the f ami ly  of e x t r e m a l  t e m p e r a t u r e  f ie lds  which a r e  s y m m e t r i c  with respec t  to the 
sect ion ~ = 0 is  as follows: 

~ a  2 

for l~1 < ~o; T(~)=O for I~l ~ ~o. 

It can be seen that the dis tr ibut ion (4.1) depends on the rat io  of Young' s modulus of the c a r r i e r  l aye r s  
E to the r igidi ty modulus G 3 of the f i l ler ,  and also on the ra t io  t / c  of the th icknesses  of the l aye r s ,  and finally 
on the re la t ive  th ickness  h / R  of the packet .  

In the l imit  for  E/G3--*0 (the f i l l e r  is absolute ly  r igid to shear)  one has 

which is  identical with the cor responding  r e su l t  [1] in the theory  of thin i so t ropic  shel ls  obtained by using 
the c l a s s i c a l  K i r c h h o f f -  Love theory .  

In Fig.  1 the prof i les  a re  shown of the opt imal  t e m p e r a t u r e  f ie lds  T ,  = T / T  0 for  a t h r e e - l a y e r  cyl in-  
dr ica l  shell  with the following cha rac t e r i s t i c s :  

h/R=i/20; t/c=1/25; ~t=0r3 

ve r sus  the r igidi ty ra t io  E /G  3. The case  E /G  3 =0 cor responds  to the solution [1]. 

In Fig.  2 graphs a re  shown of d imens ion less  quanti t ies of the annula r  f o r ce s  N ,  = N / B ( 1 - p  2)wT 0 ca l -  
culated by employing the l inear  t e m p e r a t u r e  distr ibution (4.1). It  can be seen f r o m  these  calculat ions that 
with the rat io  E /G  3 inc reas ing  the prof i les  of  the t e m p e r a t u r e  f ie lds  a r e  only slightly modif ied but the c o m -  
putat ional  effor t  is cons iderab ly  reduced.  
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